We study the Kitaev-Heisenberg-Γ-Γ model that describes the magnetism in strong spin-orbit coupled honeycomb lattice Mott insulators. In strong [111] magnetic fields that bring the system into the fully polarized paramagnetic phase, we find that the spin wave bands carry nontrivial Chern numbers over large regions of the phase diagram implying the presence of chiral magnon edge states. In contrast to other topological magnon systems, the topological nontriviality of these systems results from the presence of magnon number non-conserving terms in the Hamiltonian. Since the effects of interactions are suppressed by J/h, the validity of the single particle picture is tunable making paramagnetic phases particularly suitable for the exploration of this physics. Using time dependent DMRG and interacting spin wave theory, we demonstrate the presence of the chiral edge mode and its evolution with field.
There have been few ideas more fertile in recent condensed matter physics than the notion that band structures in solids may carry nontrivial topological indices which determine and protect certain properties of the spectrum of the solid at interfaces [1, 2] . The core idea, formulated in the context of the integer quantum Hall effect, has led to a proliferation of novel topological states of matter including topological insulators protected by time reversal or by crystalline symmetries, as well as Weyl and Dirac semi-metals [3, 4] many of which have been realized in the laboratory. Analogues of this physics have been explored in photonic crystals [5] , in the mechanical properties of metamaterials [6] and, even in atmospheric physics [7] .
The concepts underlying electronic topological insulators have potentially very interesting ramifications for our understanding of magnetic materials. For example, sharp magnon bands where they exist in two dimensional ordered magnets may carry nonzero Chern number with the consequence that there are topologically protected spin waves at the edge of the system with a net chirality. A handful of models have been proposed that realize such Chern bands [8] [9] [10] [11] [12] [13] [14] [15] . There is experimental evidence that such models may be realized in real materials [14, 16] . What has been lacking on the theoretical side is a clear demonstration that the chiral edge states can be robust to the presence of interactions between magnons.
In particular, one important feature that distinguishes electronic topological insulators from their bosonic analogues is that, in the latter, interactions are more likely to play an important role possibly resulting in a breakdown of the singleparticle picture. In the case of the kagome ferromagnet with Dzyaloshinskii-Moriya, it has been argued that magnonmagnon interactions broaden the bulk bands on a scale comparable to the bulk gap so that the band topology cannot be understood in terms of single magnons [17] . So the question remains open whether any model can be found in which the prediction of chiral edge modes in a magnonic band structure survives in the strong coupling limit.
In this paper, we propose a novel route to realizing topological magnon bands in systems of considerable current interest: honeycomb magnets with a significant Kitaev exchange some of which may be proximate to quantum spin liquid phases [35, 43] . The model we study has nonvanishing anomalous (number non-conserving) terms in the quadratic spin wave Hamiltonian and, in contrast to previous models of topological magnons, it is these terms that are responsible for opening up a gap in the spectrum leading to Chern bands. In addition, we present evidence that the chiral surface states that are present and topologically protected in linear spin wave theory survive the presence of magnon-magnon interactions and hence should be experimentally detectable in principle. The key to accessing this is to field-tune the system into the paramagnetic phase so that multi-magnon states are pushed to energies much higher than the single magnon states. Our time dependent density matrix renormalization group (DMRG) results provide a nonperturbative demonstration of the robustness of the chiral edge mode Model − We consider the Hamiltonian [30, 44] 
where the indices {α, β, γ} run over components {x, y, z} with the γ component corresponding to one of the three types of bond as indicated in Figure 1 (a). Models with significant K/J has been proposed to underlie the correlated magnetism observed in the effective spin one-half systems A 2 IrO 3 (A=Na,Li) [24-26, 30, 32, 37, 44] and α-RuCl 3 [29, 33, 35, 40, [45] [46] [47] following theoretical work that laid the basis for the possibility of large compass-type interactions in such honeycomb magnets [22, 23] . A fourth exchange coupling Γ is allowed by symmetry [30, 44, 48] . We postpone discussion of the effects of the Γ and Γ terms until later in the paper and focus, for now, on the remaining Hamiltonian. We parameterize this Kitaev-Heisenberg model using angle ϑ so that J = cos ϑ and K = sin ϑ.
From now on, we consider the case where the magnetic field, of magnitude h, is applied parallel to [111] (Fig. 1) . For h greater than some threshold, the moments are fully polarized in the field direction and we expand the moments The region of ordered phases is determined from the gap closure in the spin wave spectrum while at the boundary of this region the corresponding ordering wavevector is indicated. The true semi-classical phase diagram has small regions, away from the Kitaev points, separated from the paramagnetic phase by first order transitions and above the threshold field shown here which are not captured using our technique [34] . The rest of the phase diagram lies in the fully polarized phase. The entirety of the polarized paramagnetic region hosts topologically nontrivial magnons at the semiclassical level. Inset: honeycomb lattice cluster with 24 sites. The different colored bonds correspond to the three types of coupling in the Kitaev model in small fluctuations about this collinear state in HolsteinPrimakoff bosons [49] . The quadratic Hamiltonian that results at order S is of the form
T with a and b bosons living on the two different honeycomb sublattices. The 4 × 4 Hamiltonian M(k), which is given explicitly in the Supplementary Material, takes the form
where the A block contains the number conserving terms a † a and B contains the number non-conserving terms a † a † . The eigenproblem for this Hamiltonian, leading to two spin wave branches ω α k for α = 1, 2, may be solved by performing a bosonic Bogoliubov transformation.
The phase diagram of the J − K model is shown in Fig. 1(a) indicating the fully polarized phase and regions of spontaneous magnetic order obtained by finding the couplings at which magnons condense -the translational symmetry of these phases is then determined by the condensation wavevector. The precise nature of the ordered states can be found in Ref. 34 . Non-interacting Magnons. − We first focus on the antiferromagnetic Kitaev point ϑ = π/2 (J = 0). The linear spin wave dispersions along high symmetry lines are shown in Fig. 6(a) for h/S = 6. For h/S > 4, the spectrum exhibits both a nonzero gap to the lowest mode and a gap between the modes. As h/S → 4 the lowest mode falls to zero across the entire zone, corresponding to the onset of a classical spin liquid regime, while the highest mode is completely gapped and dispersive.
Since the two bands do not touch at ϑ = π/2, the Berry curvature is everywhere well defined (see Supp. Mat. [48] ). The Chern numbers of the two bands at this coupling are ±1 for all h/S ≥ 4 implying the existence of chiral magnon edge modes. Since the bulk topology is not altered by modifications to the ground state in the vicinity of the boundary, we may illustrate the phenomenon with a linear spin wave calculation of the spectrum above the collinear spin state on a slab geometry with zigzag boundaries parametrized by the momentum along the translation invariant direction. Such a calculation [48] reveals a pair of modes, each with a well-defined chirality, running between the bulk bands and with the weight of the wavefunction of these interband modes concentrated at opposite edges.
We may gain some insight into the mechanism that leads to the topological magnon bands. The ϑ = 0 Hamiltonian (K = 0) has only number conserving terms and the two magnon bands meet at the K point. Inspection of the Hamiltonian M(k) shows that the A block contains the two couplings only in the combination J + 2K 3 so the number non-conserving terms of the B block must be responsible for the gap opening between the bands in the magnon spectrum. These terms also break an effective time reversal symmetry leading to the identification of the magnon bands with the topological insulator class D [50] .
The observation that the gap closes as 1/h at high fields suggests that further insight may be gained by carrying out a Schrieffer-Wolff transformation perturbatively in the anomalous terms to obtain an effective Hamiltonian in the numberconserving sector. One finds to second order that the nearest neighbor coupling is renormalized and effective second neighbor hopping terms are generated that are of the same form as those arising from a bare second-neighbor DzyaloshinskiiMoriya exchange coupling. In short, at very high fields, the spin wave spectrum of the Kitaev model reduces to that of the honeycomb ferromagnet with second neighbor DM exchange that is known from earlier work to exhibit Chern bands [11] .
We now consider the entire J − K semiclassical paramagnetic regime. The lower panel of Fig. 1(b) shows that the two magnon bands touch at four distinct ϑ including ϑ = 0, π and are otherwise gapped. Away from these lines in ϑ − h, the magnon bands are topologically nontrivial. We further note [48] that the spin wave spectrum at some ϑ and field (h − h th (ϑ))/S is identical to the spectrum at ϑ + π and (h − h th (ϑ + π))/S where h th (ϑ) is the threshold field. The band topology is preserved by the mapping so, for example, the ferromagnetic Kitaev point with zero semiclassical threshold field has Chern magnon bands following from results at the ϑ = π/2 point.
Finally, to make contact with materials, we observe that in the full J − K − Γ − Γ nearest neighbor model of Eq. 1 and Ref. 48 in the fully polarized phase, the linear spin wave Hamiltonian is related to the Kitaev-Heisenberg model through a mapping of the parameters J → J − Γ, K → K + Γ and h → h − 3ΓS so topological magnon bands are expected to be present in Kitaev magnets in the paramagnetic regime at least where spin wave interactions may be neglected.
Beyond Linear Spin Wave Theory. − By expanding in Holstein-Primakoff bosons to order O(1/S 2 ), one finds threeboson and four boson terms in the Hamiltonian. The former arise in an expansion around the collinear ground state owing to the anisotropic nature of the exchange. Both the three-body and a set of four-body couplings violate particle number conservation and provide a mechanism for the magnons to acquire a finite lifetime. Upon lowering the field the two magnon states eventually overlap with the single magnon states so that one to two magnon decay is kinematically allowed leading to broadening of the single magnon modes. This process may also lead to the destruction of the chiral edge mode if the widths of the bulk bands or that of the edge mode become comparable to the gap between the magnon bands.
To address the effect of interactions on the bulk spectrum and chiral edge mode we extend the analysis of the previous section in three ways (i) perturbatively in the magnonmagnon interactions to O(1/S 2 ) in spin wave theory (NL-SWT) [51] [52] [53] [54] [55] and (ii) nonperturbatively using DMRG with a matrix product operator based time evolution (DMRG + tMPO) [56, 57] and (iii) with exact diagonalization (ED) of the Hamiltonian on a 24 site cluster that preserves the lattice symmetries.
First we examine the dynamical correlation function
at the ϑ = π/2 point for various fields using LSWT, NLSWT and DMRG+tMPO. For the latter, the calculations were performed on infinite cylinders with a circumference of 8 sites (L x = 4) by a MPO based time evolution of the wavefunction after a single spin flip is performed on the ground state wavefunction. Results at h = 3 are shown in Fig. 1(a)-(c) . The apparently well-defined. The upper mode has only a small dispersion at this field and the continuum has a low intensity. The gap closes only at h ≈ 1.25 (S = 1/2). The supplementary section shows corresponding plots for the ferromagnetic Kitaev point, ϑ = 3π/2 [48] .
To address the fate of the chiral edge modes that are topologically protected within LSWT, we show DMRG+tMPO and NLSWT results for a slab geometry with one periodic direction and two open boundaries. Since the introduction of a boundary destabilizes the fully polarized spin configuration in the vicinity of the edge, LSWT and NLSWT results were obtained by first solving for the non-collinear classical ground state on the slab and perturbing about this solution. All results were obtained for a slab periodic in y with dimensions L x = 5 unit cells and length L y = 71 for the DMRG chosen to ensure that long enough times could be reached for the requisite energy resolution without entanglement spreading to the y boundaries of the slab. Fig. 3 illustrates dynamical correlations on the slab for the different methods introduced above. The slab geometry is shown in panel (e) and the different rows (a) to (c) show the k dependent correlations on different lines through the slab including the two edges. LSWT for this geometry [ Fig. 3 (left column)] shows that the slab is thick enough for the chiral edge modes (which have opposite directions for the two edges) to be well resolved. Fig. 3 further shows that the chiral edge modes survive in the full nonperturbative interacting spin model (right) albeit with significant renormalization of the bulk modes which is almost entirely captured by the interacting spin wave calculation (middle). Panel (d) shows quan- titatively that the intensity between the bulk bands is concentrated at the edges.
Thermal Hall Effect. − The presence of a nontrivial Berry curvature in the magnon bands implies the existence of a thermal Hall signature provided that the Berry curvature is not odd in momentum. The magnon thermal Hall effect has been investigated both theoretically and experimentally in a number of magnets [9, 13, [58] [59] [60] [61] [62] [63] [64] . Earlier theoretical work has explored the thermal Hall response at low fields [65] in the Ki- taev honeycomb model. Here we extend the analysis to Kitaev systems in the high field regime. Fig. 4(b) shows the dimensionless thermal Hall conductivityκ xy /T [48] as a function of temperature and for various magnetic fields at ϑ = 3π/2. The shape of the functionκ xy /T can be understood as follows. As a function of field, the magnon bands are gapped out resulting in an exponential decrease in the thermal Hall signature in h. The sign change inκ xy at low temperatures and fields reflects the variation in the Berry curvature in momentum space -the Berry curvature is positive in the vicinity of Γ in the lowest band, this being is the maximally thermally occupied state at very low temperatures, while it changes sign for larger momenta. As T → ∞,κ xy saturates to a constant value. It will be interesting to examine recent thermal Hall signatures in α-RuCl 3 in the light of these results [66] .
Discussion. − The Hilbert space of a bosonic system encompasses an infinite tower of multiparticle excitations. In insulating magnets, the single magnon sector is meaningful only when the number non-conserving terms in the magnon Hamiltonian are suppressed, for example, by symmetry, in powers of 1/S , or when there is a separation of energy scales between the many-magnon states. It is the latter case that we have advocated for in this paper as a means of exploring topologically protected magnon edge states. By field-tuning the magnet into a paramagnetic phase, the single magnon branches are gapped out and linewidths are suppressed. We have studied the concrete case of spin-orbit coupled honeycomb magnets with significant K, J, Γ and Γ terms finding that the paramagnetic regime generically has Chern magnon bands with chiral edge states. The topological nontriviality is enforced by the anomalous terms in the quadratic Hamiltonian. We anticipate that future experimental developments will facilitate direct measurements of the edge states in such systems. K.P. acknowledges support from MPI PKS for an extended stay at the institute during which part of this work was completed. This work was in part supported by the Deutsche Forschungsgemeinschaft under grant SFB 1143.
[50] Physical time reversal is broken both by spontaneous magnetic order and by the external magnetic field. For our purposes one must ask whether there is some antiunitary operator T ≡ U T K that acts on the Hamiltonian such that U † T M (k)U T = M(−k). For the ϑ = 0 model the unitary operator U T acts trivially and the tight-binding model has an effective time reversal symmetry. This is broken by the anomalous terms when the Kitaev term is switched on.
SUPPLEMENTARY MATERIAL FOR 'TOPOLOGICAL MAGNONS IN THE KITAEV HONEYCOMB MODEL AT HIGH FIELDS' SYMMETRY-ALLOWED EXCHANGE HAMILTONIAN
Here we will derive the symmetry allowed terms for the edge-shared octahedral compounds (see also Ref. 30 and 44) . The Ir 4+ and Ru 3+ in the center of oxygen octahedra forms a honeycomb lattice. Taking into account the octahedral environment, the symmetry group of a single bond consists of the inversion, the two-fold rotation around the bond, and their composition, a mirror plane which is perpendicular to the bond. The point group at the center of the hexagon is D 3d , generated by the S 6 rotoreflection (we note that S 3 6 is the inversion) and the mirror plane. The point group at the Ir site is D 3 , with a C 3 threefold rotation and a C 2 rotation as generators.
First, let us consider the x bond in the geometry presented in Fig. 5 . The inversion at the center of the bond exchanges the two sites without affecting the spin components, S . We can construct the following 4 invariants:
Adding them up with a suitable coefficients we arrive to
The inversion symmetry about the bond centers prevents DM interactions. Next, we use the C 3 rotation about site 1 to get the Hamiltonian for the y bond, as it cyclically exchanges the three spin components,
, furthermore site 1 remains, and site 2 becomes site 3:
and a similar form for the H z . This is the Hamiltonian first established in Refs. 22, 23, 30 , and 44. 1) and L (2) are the two components of rotated spins used to derive the spin wave Hamiltonian, when the L 
LINEAR SPIN WAVE THEORY
The honeycomb lattice is triangular R mn = m − (n/2), √ 3n/2 with a two site basis. We take the bonds to be δ x = (0, 1) ,
As outlined in the main text, we can define the following vector of the bosonic operators
Then the linear spin wave Hamiltonian can also be cast into the form
For the Kitaev-Heisenberg model we find [34] 
where
3 S e ik·δ x + e ik·δ y + e ik·δ z J +
2K
3 S e −ik·δ x + e −ik·δ y + e In the main text, we parametrized the couplings using ϑ such that J = cos ϑ and K = sin ϑ.
It is convenient to introduce
satisfying the relations γ * 0,k = γ 0,−k , γ * 1,k = γ 2,−k , and γ * 2,k = γ 1,−k so that
Mapping ϑ → ϑ + π
Under the mapping ϑ → ϑ + π, the couplings flip sign. There is a simple relationship between the spectra of the linear spin wave Hamiltonian under this mapping when combined with a field redefinition h → h − 6JS − 4KS , that preserves the diagonal matrix elements, and k → −k. This whole transformation can be undone by a unitary transformation of the form
It follows that, under the mapping, as measured from the threshold field the spectrum is left unchanged.
The Role of the Γ and Γ Terms
The Γ and Γ terms are symmetric exchange couplings that are allowed by the symmetries of the honeycomb lattice as discussed above.
For fully polarized moments in the [111] direction, the Γ and Γ couplings merely effect the following mapping on the J, K, h model:
In other words, all the results we obtained for the Kitaev-Heisenberg model can be extended to the JKΓΓ model using the replacement rules above.
The canonical transformation
In this section, we examine the linear spin wave theory at high fields and systematically integrate out the number nonconserving terms in powers of 1/h to obtain an effective hopping Hamiltonian for the magnons.
To proceed, we look for a canonical transformation
where the operator W is chosen such that the transformation eliminates the magnon number non-conserving anomalous terms to O(1/h) instead capturing their effect to this order in terms of a pure hopping Hamiltonian. This is achieved by choosing
or, in the matrix notation we used above (Eq. 11) for the linear spin wave Hamiltonian,
The effective Hamiltonian is then characterized by the
matrices. The canonical transformation generates an onsite correction and a second neighbor Dzyaloshinskii-Moriya term ∝ K 2 S 2 /h in the A eff (k). The anomalous term B eff (k) is 1/h and can be safely neglected in high fields, so the problem reduces to the diagonalization of the A eff (k) 2 × 2 matrix. The energies of the magnon excitations of the 4 × 4 and the effective 2 × 2 problem are identical including the 1/h corrections.
We note in passing that the matrix corresponding to the commutator of operators [W, H] is
Chern Number
The A eff (k) we need to diagonalize can be expressed as
and
The σ = (σ
) is a vector of the Pauli matrices, so the d(k) acts as a fictitious magnetic field in the Brillouin zone. At each k we have the eigenvalues
where d(k) = |d(k)|. Each of these eigenvalues forms a band in the Brillouin zone, with the spacing between the bands given by d(k). The two bands can only touch when |d(k)| = 0, which happens if K = 0 or 3J + 2K = 0. The Berry curvature for the 2 × 2 problem is given by
is a unit vector. The Chern number of the band ± is then
where N s measures the number of skyrmions (topological defects) in the d field, as it follows from Eq. (32).
In the case of the Kitaev-Heisenberg model, introducing the notation
the expressions in the Berry curvature, Eq. (31), are
The triple product, Eq. (35), is negative semidefinite in the whole Brillouin zone (it is 0 for k = 0). The Chern number is therefore always finite, apart from the cases when K = 0 (the Heisenberg model), and when 3J + 2K = 0. In large fields, the F xy ± (k) is strongly peaked at the K points, the corners of the hexagonal Brillouin zone.
Thermal Hall conductivity
In this section, we apply the expression for thermal conductivity
derived by Matsumoto et al. [59] , to the case of the Kitaev model. β = 1/T is the inverse temperature and
) .
Since the upper and lower bands have Berry curvatures with opposite signs, F xy + (k) = −F xy − (k), the expression for the thermal Hall effect simplifies to
Since in large magnetic field the band dispersions and splittings are much smaller than the gap between the bands and the ground state, ω + − ω − d 0 , we expand Eq. (39) in d/d 0 :
),
where the difference of Bose occupation numbers is
so that
Eventually, we get the following simple expression for the thermal Hall conductivity:
in the leading order in 1/h, where c is a constant of order unity. The temperature dependence stems purely from R(d 0 β). At low temperatures, the temperature dependence is thermally activated, while at high temperatures R → 1 and the conductivity saturates, with κ xy ∞ being the high temperature value. In Fig. 4 in the main text, we show the low temperature thermal Hall conductivity as computed from Eq. 37.
NON-LINEAR SPIN-WAVE THEORY
In this section we outline the calculation of the dynamical structure factor in non-linear spin-wave theory. The starting point is the Holstein-Primakoff expansion [67] , organized in powers of 1/S (factoring out the overall S 2 scaling). Linear spin wave theory appears when truncating to O(1/S ). To go to O(1/S 2 ), one must consider the effects of magnon-magnon interactions, including three-and four-body terms in the Holstein-Primakoff bosons (magnons).
The dynamical structure factor at O(1/S 2 ) requires the computation of the magnon Green's function as well as several higher order dynamical correlation functions. It is useful to consider three distinct pieces: the transverse-transverse part which involves only the magnon Green's function, G(k, ω), the transverse-longitudinal parts which involve three-magnon correlation functions and the longitudinal-longitudinal parts which involve four-magnon correlation functions [54] . While the transverse-transverse part has O(1/S ) contributions, the other two parts appear first at O(1/S 2 ). We note that the Green's function also appears in the transverse-longitudinal part of the dynamical structure factor, while the longitudinal-longitudinal part involves only the free magnon Green's function at leading order [54] . there. Fig. 9 shows results at the antiferromagnetic Kitaev point at h = 2 (top) and h = 4 (bottom). The case of h = 3 is given in the main text. At h = 4 the finite size progenitor of the chiral mode on the semi-infinite slab is clearly visible in panel (a)(left) running between the bulk bands with highest intensity to the left of that panel. The principal result of including interactions is a narrowing of the bandwidth: the same mode being visible in (b) and (c). The middle of the slab has visible but lower intensity between those bands that persist into the bulk geometry. The lower set of panels again show the chiral mode -this time on the right of each panel. At h = 2, interactions play a much larger role because the lower threshold to two magnon states begins within the upper single magnon bands. The result is that there is considerable broadening of the upper single magnon modes. Nevertheless, the edge state appears to survive the presence of interactions.
The symmetry between noninteracting magnon spectra in the bulk under ϑ → ϑ + π ceases to hold on the slab geometry because the presence of an edge causes the ground states to be affected by the change in the coupling. We find that the chiral edge mode on the open geometry is not as clearly visible in the ferromagnetic Kitaev model as it is in the antiferromagnetic case. In Fig. 10 the chiral mode appears as inter-bulk band intensity in panel (a) with the same sign of the velocity as in (a) of Fig. 9 . At h = 2, interactions bring about a fairly mild renormalization of the bands while, at h = 1, the multimagnon continua are clearly visible. The upper bulk single magnon modes are destroyed through coupling to these additional states while the whole block of single magnon states is pushed to lower energies. Despite this dramatic effect of interactions, once again, the edge mode appears to survive. 
